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ABSTRACT

Considering nonlinear and simple dynamics of
quadrotors, it is feasible to implement different
types of control methods, so it is an appropri-
ate subject for experimental research. In recent
years, many researchers have investigated dif-
ferent aspects of quadrotors. In this study, at
first, the utilized quad rotor is introduced and
then its dynamics is modeled. Next step is
to measure physical parameters of the quadro-
tor that are needed for simulation. Then, PID
and Backstepping controllers are implemented in
Simulink and after fixing translational motion of
the quadrotor, both controllers are implemented
on real model using Labview. Due to having
3DOF and 4 control inputs, the system is over-
actuated, so an optimization is done to make the
total thrust minimum. Results show that Euler
angles are controlled by both PID and Backstep-
ping controllers. Backstepping method has had
better results.

1 INTRODUCTION

Many methods have been used for controlling quadrotors.
Lyapunov theory has been used in [1],[2] for making sure to
have asymptotic stability of system. PD and PID controllers
have been used in many projects, for example in [3]. The
advantage of PD and PID controllers is their easy implemen-
tation. PD and PID help us control a plant adequately without
having full information of the plant characteristics or transfer
functions. Adaptive techniques are used in [4] due to its good
performance in cases of unmodeled dynamic and uncertainty.
Classic LQR and SDRE (State-dependent Ricatti Equation)
control are applied due to their advantage in presenting in-
put signal from the feedback of the variables,[5],[6]. But the
problem with this method is the difficulty of solution of the
Ricatti equation. Backstepping Controller is another method
that guarantees convergence of the inner variables but its cal-
culations are complicated [7],[8]. Sliding mode controller is
applied in much research and it is similar to backstepping
method. This controller is robust to uncertainty in parame-
ters and perturbations. The problem with this method is vi-
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brations and chattering [9]. Other methods like dynamic feed-
back [10],visual feedback [11],Neural Networks [12] are used
too but not as frequently as previously mentioned methods.

2 AR. DRONE

The used quadrotor in this project is AR. Drone (Figure
1). AR. Drone is equipped with an inertial measurement unit
(IMU) that measures pitch, roll, yaw and accelerations along
all axes. The vehicle is controlled by sending commands over
a Wi-Fi connection[13]. The AR. Drone carries an internal
computer with a 468MHz ARM9-processor and 128MB of
RAM, running a custom Linux operating system[13].

Figure 1: AR. Drone.

2.1 Gear Ratio

The gear ratio is defined as the input speed relative to the
output speed. To obtain the gear ratio for the motor, it is
enough to devide the number of teeth of the gear wheel for
the motor to the gear wheel connected to the propeller. Two
gear wheels have been shown in Figure 2. The gear ratio
shown by G is as follows:

G =
motor gear wheel′s teeth

propeller gear wheel′s teeth
=

69

8
= 8.6 (1)

Figure 2: The motor’s and the propeller’s gear wheels.
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2.2 Command to the motors
AR.Drone has the capability to command its motors one

by one directly using a parameter that it is shown by ”n”.
This parameter can be changed from 0 to 500. It should be
at least 5 to keep the motor running and the rotor speed will
saturate for n=500. For simulation, it is necessary to know
the relation between n and fm (the frequency of the motor
signal). Different values of n are given to one of the motors
and the motor voltage is observed in an oscilloscope. Then
frequencies for different values of n are obtained. Figure3
indicates the voltage signal for n=10.

ωP =
2πfm
G

(2)

fm is the frequency of the signal of the motor voltage and G
is the gear ratio. Results have been shown in Figure 4.

(5 ≤ n ≤ 500) ωP = 0.724n+ 125.9 (3)

Figure 3: The signal of the motor voltage in n=10.

Figure 4: omegap versus different values of n.

3 ROTATIONAL DYNAMIC MODEL OF THE
QUADROTOR

Dynamic model of the quadrotor is derived in [14] , [15]
and it is just briefly explained. To develop dynamic model, it
is assumed:
a. The structure and propellers are supposed to be rigid.

b. The structure is symmetrical and the body fixed frame ori-
gin is located on CG. The center of mass and the body fixed
frame origin are assumed to coincide.
c. Propeller’s thrust and drag are proportional to the square
of its rotational speed.
d. Body drag due to motion and rotation is neglected due to
low movement speed.
e. Ground effects are neglected and the earth is flat and
fixed. Let us consider an inertial frame and a body fixed
frame whose origin is in the center of mass of the quadrotor
as shown in Figure 5.

Figure 5: Body and Inertial Frames.

The orientation of the quadrotor is given by 3 Euler an-
gles, namely yaw angle ψ, pitch angle θ and roll angle ϕ that
together form the vector [ϕ θ ψ]

T . To derive the equations of
the rotational motion, Newton-Euler’s formula is defined as
following:

~M =
d( ~H)

dt

)
inertial
frame

=
d( ~H)

dt

)
Body
frame

+~ω× ~H (4)

~M is the total external torque acting on the vehicle and ~H is
the angular momentum made of one generated by body rota-
tion and the other generated by the propeller’s angular veloc-
ity:

~Hbody =

 Ix 0 0
0 Iy 0
0 0 Iz

 .
 ωx
ωy
ωz

 ,

~Hblade =

 0
0

JrΩblade

 (5)

Ωblade is the difference between clockwise and counterclock-
wise propeller’s angular velocity:

Ωblade = Ω1 + Ω3 − Ω2 − Ω4 (6)

Ωi , i = 1, 2, 3, 4, is the angular velocity of the each pro-
peller. Ix, Iy and Iz are the moments of inertia and because
of body symmetry, the products of inertia become zero. The
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following expression is used to obtain equation in inertial co-
ordinate system:

~M =

 Ixω̇x + ωyωz(Iz − Iy) + JrΩωy
Iyω̇y + ωxωz(Ix − Iz)− JrΩωx

Izω̇z + ωxωy(Iy − Ix)

 (7)

~M is moment’s differences caused by angular velocity of the
propeller. τi is the torque generated in the opposite direction
of propeller rotation and is exerted on the propeller by air. For
τi and Ti (thrust of motors), i = 1, 2, 3, 4, we have:

τi = dΩ2
i , Ti = bΩ2

i (8)

So we have:

~M =

 τx
τy
τz

 =

 −(T2 − T4).L
(T1 − T3).L

(−τ1 − τ3 + τ2 + τ4)

 =

=

 −(T2 − T4).L
(T1 − T3).L

d
b (T2 + T4 − T1 − T3)


(9)

In the above equation, τx, τy and τz are roll, pitch and yaw
torques respectively. L is the distance between the center of
body mass and the axis of propeller rotation. Using equations
(7) and (9) and rewriting the obtained equation in terms of the
derivatives of angular velocities, we have: ω̇x

ω̇y
ω̇z

 =


τx
Ix
− ωyωz (Iz−Iy)

Ix
− JrΩωy

Ix
τy
Iy
− ωxωz (Ix−Iz)

Iy
+ JrΩωx

Iy
τz
Iz
− ωxωy (Iy−Ix)

Iz

 (10)

Now it is obligatory to obtain a relation between angular ve-
locities about body axes and rates of Euler angles. To achieve
this, the rates are transferred to the body coordinate system
and by assuming small Euler angles finally we will have: ωx

ωy
ωz

 =

 φ̇− sin(θ)ψ̇

cos(φ)θ̇ + sin(φ) cos(θ)ψ̇

− sin(φ)θ̇ + cos(φ) cos(θ)ψ̇

 (11)

Using above equation and equation (10), and neglecting terms
consisting 3 and 4 terms products and presenting in terms of
Euler angles we will have: φ̈

θ̈

ψ̈

 =

 a1.(θ̇ψ̇)− a4.(θ̇ + φψ̇).Ω + b3τzθ + b1τx
a2.(φ̇ψ̇) + a5.(φ̇− θψ̇).Ω− b3τzφ+ b2τy

a3.(φ̇θ̇) + (a5Ωφ̇+ b2τy).φ+ b3τz


(12)

Where:

a1 =
[

(Iy−Iz)
Ix

+ 1
]

, a2 =
[

(Iz−Ix)
Iy

− 1
]

a3 =
[

(Ix−Iy)
Iz

+ 1
]

, a4 = Jr
Ix

a5 = Jr
Iy

, b1 = 1
Ix

, b2 = 1
Iy

, b3 = 1
Iz

(13)

Finally to study the system we consider:

x1(t) = φ(t)

x2(t) = φ̇(t)
x3(t) = θ(t)

x4(t) = θ̇(t)
x5(t) = ψ(t)

x6(t) = ψ̇(t)

,


U2(t) = τx
U3(t) = τy
U4(t) = τz
δ = Ω

(14)

So rewriting equations (12) and (13) using state space nota-
tion, we have:

ẋ1 = x2

ẋ2 = a1.(x4.x6)− a4.(x4 + x1.x6).Ω+
+b3.u4.x3 + b1.u2

ẋ3 = x4

ẋ4 = a2.(x2.x6) + a5.(x2 − x3.x6).Ω−
−b3.u4.x1 + b2.u3

ẋ5 = x6

ẋ6 = a3.(x2.x4) + a5.(x1.x2).Ω+
+b2.u3.x1 + b3.u4

(15)

4 PHYSICAL PARAMETERS OF THE QUADROTOR

Table 1 presents the physical parameters of AR. Drone
needed for simulation that have been measured.

Symbol Definition Value Unit
m Quadrotor mass 335 gr
L Arm length 18 Cm
Iz Moment of inertia

about z axis
4.7 ×
10−3

Kg.m2

Ix Moment of inertia
about x axis

1.8 ×
10−3

Kg.m2

Iy Moment of inertia
about z axis

1.8 ×
10−3

Kg.m2

b Propeller Thrust
factor

5.7231×
10−6

N.s2

d Propeller Drag
factor

1.7169×
10−7

N.m.s2

Jr Rotor inertia 1.85 ×
10−5

Kg.m2

Table 1: Physical parameters of the quadrotor.

Moment of Inertia: There is a common method to mea-
sure moment of inertia. This method is to make body os-
cillate. In this method, by measuring the period of the os-
cillating body, the moment of inertia about different axis is
obtained.
Propeller thrust factor: Thrust is measured for different val-
ues of n and thrust in terms of n is estimated as follows:

T = a1n
2 + a2n+ a3 (5 ≤ n ≤ 500)

a1 = 3× 10−6 , a2 = 0.001 , a3 = 0.0907
(16)
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Combining (3) and (16) we have:

T = 5.7231× 10−6ω2
p (17)

Then we have:
b = 5.7231× 10−6 (18)

Propeller Drag factor: Produced moment is measured for
different values of n and similar to the previous section, we
will have:

d = 1.7169× 10−7 (19)

5 ROTATIONAL CONTROL OF THE CONSTRAINED
QUADROTOR

Quadrotor is a 6 DOF system and so it is an underactuated
system but our aim is to control quadrotor rotations. The sys-
tem is 3DOF and so it is an overactuated system. To study an
overactuated system, it is possible to optimize a cost function
which is U1in this study, U1 is total thrust:

U1 = T1 + T2 + T3 + T4 (20)

The optimal value for U1 is the least possible value to keep
motors running. Using equations (9), (14) and (20) we have:

T1 = 1
4U1 + 1

2lU3 − b
4dU4 , T2 = 1

4U1 − 1
2lU2 + b

4dU4

T3 = 1
4U1 − 1

2lU3 − b
4dU4 , T4 = 1

4U1 + 1
2lU2 + b

4dU4

⇒


T1

T2

T3

T

 =


1 1 1 1
0 −l 0 l
l 0 −l 0
−db

d
b −db

d
b



U1

U2

U3

U4


(21)

In the following section, total thrust will be optimized using
equations in (21).

5.1 Optimization of total thrust
Let’s look at equations in (21). As it is observed each of

T1, T2, T3 and T4 consists of 3 terms, a common 1/4U1 and
two other terms, which are named Ūi (i = 1, 2, 3, 4):

Ū1 = + 1
2lU3 − b

4dU4 , Ū2 = − 1
2lU2 + b

4dU4

Ū3 = − 1
2lU3 − b

4dU4 , Ū4 = + 1
2lU2 + b

4dU4

(22)

Now, one can prove that all values of Ūi can not be positive
values simultaneously. Let’s assume all values for Ūi are pos-
itive: Ūi > 0 Then simply we will have:

Ū1 > 0 , Ū2 > 0 ⇒ U2 < U3

Ū3 > 0 , Ū4 > 0 ⇒ U3 < U2

So it is clear that at least for one Ūi we have: Ūi < 0 Now,
considering the mentioned point we can determine min(U1)
as follows:

U1 = 4
∣∣min Ūi

∣∣+ Tmin (23)

Tminis the minimum thrust that can be obtained by replacing
n=5 into equation (16):

Tmin = 0.096N

5.2 Propeller-motor model
Combining equations (3) and (17), we will have:

n = 1.3812

√
T

5.7231× 10−6
− 173.895 (24)

This equation gives required value of n to control the quadro-
tor.

5.3 PID Controller
The output of a PID controller, is the control input to the

system and in the time-domain it is as follows:

U = KP e+Kd
de

dt
+Ki

∫
edt (25)

Where e is the error signal. Then for Euler angles we will
have:

U2(t) = kpφ(φd − φ) + kdφ(φ̇d − φ̇) + kiφ
∫

(φd − φ)dt

U3(t) = kpθ(θd − θ) + kdθ(θ̇d − θ̇) + kiθ
∫

(θd − θ)dt
U4(t) = kpψ(ψd − ψ) + kdψ(ψ̇d − ψ̇) + kiψ

∫
(ψd − ψ)dt

(26)
PID controller coefficients are given in Table 2. Both theor-
ical and experimental coefficients have been obtained by try
and error.

Coefficient Theorical Experimental
Roll kpφ 0.08 0.1
Control kdφ 0.02 0.05

kiφ 0.09 0.06
Pitch kpθ 0.08 0.1
Control kdθ 0.03 0.0.5

kiθ 0.07 0.06
Yaw kpψ 0.07 0.09
Control kdψ 0.03 0.05

kiψ 0.09 0.05

Table 2: PID Coefficients.

5.4 Backstepping Controller
Backstepping method is presented in [16] completely and

we briefly explain it then we will use it for the quadrotor. We
consider the special case of integrator backstepping. Consider
the system:

η̇ = f(η) +G(η)ζ

ζ̇ = fa(η, ζ) +Ga(η, ζ)u
(27)

Where faand Gaare smooth. The state-space equation (15)
is considered and vector of variables and input are defined as
following:

η =

 x1

x3

x5

 , ζ =

 x2

x4

x6

 , u =

 U2

U3

U4

 (28)
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Backstepping controller design is a two-step method. In
first step, it is assumed that ζ is the input of the first equa-
tion of equations (27). The first equation is stabilized using
ζ = Φ(η) in a way that it will be possible to find a Lyapunov
function for the first equation. Φ(η) is considered as follow-
ing:

Φ(η) =

 −k1 0 0
0 −k3 0
0 0 −k5

 x1

x3

x5

 =

 −k1x1

−k3x3

−k5x5


k1 , k3 , k5 > 0

(29)
In this step, Lyapunov function V (η) is considered as follow-
ing:

V (η) =
1

2
ηT η =

1

2
(x2

1 + x2
3 + x2

5) (30)

In second step, for Lyapunov function, Va, we consider:

Va = V (η) +
1

2
[ζ − Φ(η)]

T
[ζ − Φ(η)] (31)

Now u is considered such that the derivative of the Lyapunov
function to be negative and to stabilize the second equation.
Considering u as following:

u = G−1
a

[
∂Φ

∂η
(f +Gζ)− (

∂V

∂η
G)T − fa −K(ζ − Φ)

]
(32)

Where:

K =

 k2 0 0
0 k4 0
0 0 k6


k2 , k4 , k6 > 0

(33)

And substituting related functions in (32) we have:

u =

 b1 0 b3x3

0 b2 −b3x1

0 b2x1 b3

−1



(−k1x2 − k2x2 − k1k2x1−
x1 − a1x4x6+

a4.(x4 + x1x6).Ωr)

(−k3x4 − k4x4 − k3k4x3−
x3 − a2x2x6−

a5.(x2 − x3x6).Ωr)

(−k5x6 − k6x6 − k5k6x5−
x5 − a3x2x4

−a5x1x2.Ωr)


(34)

To implement Backstepping controller on real model, let’s
assume that ωx, ωy and ωz are equal to ϕ̇, ψ̇ and θ̇. If Eu-
ler angles are small, this assumption will be valid. So, equa-
tion (15) will change to the following equations in state-space

form: 

ẋ1 = x2

ẋ2 = a1.(x4.x6)− a4.x4.Ω + b1.U2

ẋ3 = x4

ẋ4 = a2.(x2.x6) + a5.x2.Ω + b2.U3

ẋ5 = x6

ẋ6 = a3.(x2.x4) + b3.U4

(35)

Where:
a1 =

(Iy−Iz)
Ix

, a2 = (Iz−Ix)
Iy

a3 =
(Ix−Iy)
Iz

, a4 = Jr
Ix

a5 = Jr
Iy

(36)

Similar to the previous state:

u =

 1
b1

0 0

0 1
b2

0

0 0 1
b3





(−k1x2 − k2x2 − k1k2x1−
x1 − a1x4x6 + a4.x4.Ωr)

(−k3x4 − k4x4 − k3k4x3−
x3 − a2x2x6 − a5.x2.Ωr)

(−k5x6 − k6x6 − k5k6x5−
x5 − a3x2x4)


(37)

Equation (34) is used in simulation and equation (37) is used
in the experimental method. values of ki , i=1 to 6, are ob-
tained using try and error in both simulation and experimental
method. These coefficients are given in Table 3.

Parameters Simulation Experimental
k1 14 10
k2 5 3
k3 10 10
k4 5 3
k5 10 6
k6 4 2

Table 3: Backstepping Coefficients.

6 SIMULATION RESULTS

In the following figures, Euler angles controlled by PID
and backstepping controllers are shown.

Figure 6: Roll controlled by PID and Backstepping
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Figure 7: Pitch controlled by PID and Backstepping

Figure 8: Yaw controlled by PID and Backstepping

As it is seen in the above figures backstepping controller
has regulated angles to zero about 1.5 to 2 seconds faster than
PID controller. Following figures indicate the input signals to
the motors and as it is seen maximum values for n in PID is
more than in backstepping.

Figure 9: The input signals to the motors in PID and
Backstepping Controllers

7 EXPERIMENTAL RESULTS FOR PID AND
BACKSTEPPING

Following figures indicate experimental results for PID
and Backstepping controllers. In each figure, one channel has
been excited by tapping. As it is seen in experimental results,

by exciting one channel the other channels are excited too.
PID:

Figure 10: The Euler angles controlled by PID when Yaw is
excited

Figure 11: The Euler angles controlled by PID when Roll is
excited

Figure 12: The Euler angles controlled by PID when Pitch is
excited

Backstepping:
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Figure 13: The Euler angles controlled by Backstepping
when Yaw is excited

Figure 14: The Euler angles controlled by Backstepping
when Roll is excited

Figure 15: The Euler angles controlled by Backstepping
when Pitch is excited

In Figures 12 and 15, Pitch is excited 23 degrees, as it is
seen it has taken about 2 seconds in backstepping to regulate
but it is about 2.7 seconds in PID. In two other angles Back-
stepping has controlled bigger disturbances in shorter time
and this shows Backstepping acted faster than PID.

8 CONCLUSION

Rotational model of the quadrotor was simulated and
some physical parameters are measured by methods that are
explained briefly. Then backstepping controller was imple-
mented on simulated model and the results were compared
with those of PID. Then both control methods were imple-
mented on real model. Results have shown that Backstepping
acted faster than PID. However PID was easier to implement
to control without having full information of the plant.
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