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ABSTRACT

As one of the most important components of a
flapping-wing micro air vehicle (FWMAV), the
design of an energy-efficient flapping-wing has
been a research interest recently. Research on
insect flight from different perspectives has been
carried out, mainly with regard to wing morphol-
ogy, flapping kinematics, and unsteady aerody-
namics. However, the link between the wing
morphology and kinematics with passive pitch-
ing has been neglected in flapping-wing design.
To address this, a model based on a quasi-steady
aerodynamic model and the passive pitching mo-
tion was made. To simplify the model and make
optimization more feasible, the wing is mod-
eled as a stiff plate with uniform mass distri-
bution and a torsional spring at the wing root.
An optimization is conducted with the objec-
tive of minimizing power consumption for hov-
ering flight using the six most influential wing
morphological and kinematic parameters as de-
sign variables. The sensitivity of lift genera-
tion and power consumption to all the parame-
ters is analyzed. Compared to traditional artifi-
cial wings with straight leading edges as pitch-
ing axis, wings with a part of wing area in front
of the pitching axis and smaller aspect ratio are
able to perform more energy-efficient hovering
flights. Preliminary design suggestions regard-
ing the selection of wing shape and kinematics
for FWMAVs are given.

1 INTRODUCTION

Inspired by gliding birds, engineers designed airplanes
equipped with fixed wings to fly when moving at a high speed
through the air. This design concept has proved successful in
long-distance transport, but has bad performance in the low-
speed range and is useless for hovering. The helicopter de-
signs solve this with rotary wings providing the possibility to
hover and move slowly. However, when we reduce the size of
helicopters to execute tasks in limited space, the noise from
fast rotating blades becomes a big issue and the collision with
other objects is often fatal. Given aforementioned reasons,
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designers switched to mimic the flapping flight of birds and
insects since they are the specialists in nature on slow and ag-
ile flight especially with small body sizes. Several kinds of
flapping-wing micro air vehicles (FWMAVs) [1, 2, 3] were
designed by mimicking insect flight, which requires less con-
trol of the wing itself compared to bird flight.

As a dominant part for the generation of lift and thrust,
study on the flapping-wings of insects has been conducted
from perspectives of wing morphology, kinematics, unsteady
aerodynamics, etc. Biologists have observed insect flight for
centuries and studied the wing morphology a lot in the early
days. Ellington [4] studied the relation between the radii of
wing area for a variety of insects, birds and bats, and found
that wings of flying animals adhere to “laws of shape”, imply-
ing the possibility for analytical representation of the span-
wise wing area distribution. Wootton [5] elaborately studied
and summarized the functionality of insect wing morphology.
The combination of wing venation and membrane determines
the spanwise stiffness to avoid excessive wing bending but al-
lows a certain spanwise flexibility for wing pitching and tor-
sion. This morphological characteristic facilitates the genera-
tion of expected kinematics for energy-efficient flight with the
help of wing inertial and aerodynamic loads. Several studies
[6, 7, 8] have investigated why insects adopt certain kinemat-
ics from the aerodynamic performance and energy efficiency
perspectives. Numerous optimization for the flapping-wing
kinematics were also used to strengthen the understanding
of insect flights [9, 10] and assist the design of FWMAVs
[11, 12].

Although research has focused both on wing morphology
and flapping kinematics, little work has been carried out to
systematically study the morphological and kinematic param-
eters simultaneously. Insects with different wing morphology
generally flap in different ways, which reflects the mutual re-
lationship between wing morphology and kinematics. This
can be partly attributed to the fact that most insects make
use of passive pitching [13, 14], and the passive pitching is
determined by both the wing morphology and flapping mo-
tion. Additionally, kinematics with passive pitching are also
preferable for FWMAVs since this simplifies the drive mech-
anism and, thus, reduces the total mass. Thus, it is neces-
sary to do a combined analysis of both wing morphological
and flapping kinematic parameters while the pitching motion
is passive. As the kinematics are strongly dependent on the
flight mode, a specific flight mode must be chosen for the
analysis. This paper concentrates on hovering flight for two
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reasons. First, insects and FWMAVs exhibit a variety of for-
ward flights with different forward speeds, flight trajectories
and objectives (e.g., for maximum flying time or distance).
This variation makes the forward flight hard to specify for
quantitative analysis. In contrast, most hovering flights share
the same objective: minimal power consumption (or maxi-
mal hovering time). Second, hovering flight is a requisite ca-
pability for most insects and FWMAVs, and it requires more
energy than forward flight in intermediate speed [8], which
implies the importance of studying hovering flight to reduce
the overall energy expenditure.

In this paper, wing morphological and kinematic parame-
ters are first described in detail. Then, with preliminary analy-
sis of these parameters, the most influential ones are selected
as design variables for optimization. Finally, based on the
optimal combination of wing shape and kinematics, single
parameter sensitivities of lift and power consumption are cal-
culated and analyzed.

2 DESIGN PARAMETERS

Insect wings are thin cuticular structures that consist
of membranous regions of epidermal bilayers reinforced by
veins [15]. The veins are used to maintain the wing shape
and facilitate the aerodynamic loads generation. To this end,
they increase the spanwise stiffness to reduce wing bending
but allow chordwise flexibility that permits the twisting nec-
essary to achieve the required angles of attack.

Instead of pitching the wing with distributed flexibility,
we mimic the passive pitching motion by connecting a rigid
wing to a torsional spring, as shown in Figure 1. Ignoring the
deformation of the wing itself and, thus, the influence of wing
bending, torsion and chamber, the morphological parameters
are reduced to pure wing shape parameters.
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Figure 1: Illustration of the wing model with a detailed de-
scription of shape parameters.

2.1 Wing morphological parameters

To quantitatively describe a wing shape, the line from the
wing root to tip is defined as a reference line. This line is also
assumed to be the pitching axis in the kinematics description.

Next, the leading edge (LE) and trailing edge (TE) can be
identified clearly, as shown in Figure 1.

The wing area (S) enclosed by the LE and TE has the
most significant influence on the lift and trust generation, and
is conventionally quantified with the wing span (R) and as-
pect ratio (AR), which is defined as the ratio of R to average
chord length (c̄) for a single wing. In most cases, R is pro-
portional to insect body length, but AR might range from 1
to 5 for different insect species [15]. Small AR typically im-
plies less maneuverability but smaller wing loading, as dis-
played by butterflies. Consequently, most insects adopt mod-
erate wing aspect ratios to find a balance between the wing
loading and flight agility.

Obviously, it is not possible to fully describe the wing
shape merely with R and AR as we can move the wing area
longitudinally and transversely. Ellington [4] studied the re-
lation between the radii of wing area for a variety of insects,
birds and bats, and proposed to use the Beta probability den-
sity function (BPDF) to describe the spanwise area distribu-
tion. Two parameters of the BPDF, namely mean value and
standard deviation, are equivalent to the non-dimensional first
and second radius of moment of area, r̂1 and r̂2. His “laws
of wing shape” show that there exists an approximate rela-
tionship between r̂1 and r̂2: r̂2 = 0.929r̂0.7321 . Hence, the
spanwise area distribution can be characterized by a single
parameter r̂1, which also indicates the spanwise centroid po-
sition and usually ranges from 0.4 to 0.6 for insect wings.
Wang et al. [12] studied the effect of r̂1 on the optimal hover-
ing kinematics and flight efficiency, and showed that locating
more area towards the wing tip leads to more efficient hover-
ing flight. However, their model ignored the power consump-
tion resulting from the generated side force, which becomes
more significant when more area is put close to the wing tip.
Consequently, wings with moderate values for r̂1 are likely
more energy efficient, for instance, the values of r̂1 for most
Diptera insects are between 0.45 and 0.55 [4].

If we look at the insect wing shapes of different species,
there are different percentages of wing area distributed in the
front of the pitching axis. It is therefore necessary to intro-
duce additional parameters to describe the chordwise area
distribution. The non-dimensional length between the LE
and pitching axis, d̂(r), which is normalized by the local strip
length, is used to characterize the chordwise area distribution.
For simplicity, the change of d̂ along the span is assumed to
be linear, which already enables to represent a huge number
of wing shapes. Hence, we introduce shape parameters d̂root
and d̂tip to define d̂(r).

With fully described wing shape, which is crucial for the
passive pitching motion and power consumption, the moment
of inertia (I) can be determined if we know the mass distribu-
tion over the wing planform. For insect wings, the venation
distribution dominates the mass distribution. The enrichment
of veins at the wing root and near the pitching axis makes
the mass distribution heterogeneous, which decreases the mo-



ment of inertia and, thus, the energy loss due to wing inertia.
However, we still lack knowledge on the distribution of the
wing mass for an arbitrary wing shape. Consequently, a uni-
formly distributed wing mass is hereby assumed.

2.2 Flapping kinematic parameters
The most significant characteristics separating the insect

flight with fixed-wing and rotary-wing vehicle flight is that
flying insects reciprocate their wings to exert moment on the
surrounding air to produce lift and thrust. This reciprocating
motion leads to a spanwise velocity gradient along the wing
and continuously varying translational and rotational velocity
during the periodic rotation of the wing. All these character-
istics are crucial for the generation of sufficient aerodynamic
forces for insects.

Considering the complexity of wing spatial movement,
three Euler angles are generally used to describe the flapping
kinematics. They are sweeping angle φ (yaw), heaving angle
θ (roll) and pitching angle η (pitch), as illustrated in Figure 2.
Two coordinate systems (CSs) are of particular interest for the
study of flapping wing motion, i.e. the inertial CS xiyizi and
the co-rotating CS xcyczc, which are fixed on the body and
wing, respectively. Both CSs are shown in Figure 2. Aerody-
namic forces are preferably calculated in the co-rotating CS
and subsequently transformed into the inertial CS to evaluate
whether the wing design is able to produce sufficient lift and
thrust or not. The power consumption is also calculated in
the co-rotating CS since the wing moment of inertia does not
change with wing flapping.
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Figure 2: Definition of Euler angles for studying flapping-
wing kinematics.

In nature, a variety of wing tip trajectories can be found,
and a collection was done by Berman and Wang [10]. Most
wing tip trajectories can be categorized as three types, i.e.,
”∞” shape, ”^” or ”_” shape and ”−” shape. The shape of
”−” implies that no heaving motion is existent, and it is the
most frequently used kinematic pattern by FWMAVs. In or-

der to quantitatively describe these tip trajectories, the math-
ematical representation with three Euler angles is necessary.

The wingbeat frequency (f ) of different flying insects ex-
hibits huge differences, ranging over three orders of magni-
tude from 5.5 Hz (Damselfly) to 1046 Hz (Chironomoidea)
[15]. Generally, f varies inversely with wing inertial loads
[16], especially for those insects exploiting resonant systems
to flap their wings. That is coincident with our intuitive feel-
ing about flying insects. For instance, larger insects usually
flap their wings more slowly, and insects with small aspect
ratio wings (e.g., butterfly) also fly with relatively low f as
compared to those with comparative body mass and wing
span. Additionally, if the flying circumstance does not vary
a lot, the flapping frequencies of individual insect species are
fairly constant, and their variation coefficients are within 5%
for insects in hovering flight as studied by Ellington [17].
This can be partly explained by the exploitation of the reso-
nant drive system by insects. Insects prefer to flap their wings
at the resonant frequency to save energy.

Insects reciprocate their wings with quite different stroke
amplitudes, which could range from 66◦ for the Syrphid fly
[17] to 180◦ or even higher for some beetles and moths
[15]. Several studies [10, 12] show that higher stroke am-
plitude is beneficial for a more efficient flight. However,
some limitations constrain the stroke amplitude to achieve or
exceed 180◦. These constraints include the geometric con-
straint due to wing-body interference and physical constraint
of the wing-driving apparatus of insects or FWMAVs. The
sweeping motions of insect flight are usually in a sinusoidal
or near sinusoidal pattern, while some flapping-wing drive
mechanisms [18, 19] generate sweeping motions in a trian-
gular pattern. The triangular sweeping motions experience
quick reversals between half-strokes and fairly constant wing
translational velocities. Taha et al. [20] found that a trian-
gular waveform sweeping angle and a constant pitching an-
gle throughout the half-stroke yield the optimal performance
while only aerodynamic power is considered. However, that
specific pitching motion is hard to generate. The kinematics
of some insect flights also shows an asymmetric downstroke
and upstroke, but symmetric sweeping motion is more gen-
eral in hovering flights of insects and FWMAVs. In order to
generate a pitching moment for flight control, some insects
[7] and FWMAVs [21] adopt offset sweeping motions, where
the centerline of the sweeping motion angles to the front or
rear. Here, we use the model proposed by Berman and Wang
[10] to describe the sweeping motion for hovering flight:

φ(t) =
φm

arcsinK
arcsin [K sin(2πft)] + φ0, (1)

where φm and φ0 are the sweeping amplitude and horizontal
offset, respectively, and K (0 < K < 1) is a parameter used
to control the shape of the sweeping motion: if K → 0, φ(t)
becomes a sinusoidal pattern, and if K → 1, φ(t) becomes
triangular .



To describe the out-of-plane movement of flapping wings,
the heaving angle θ is described by a sinusoidal function,

θ(t) = θm sin (2πNft+ Φ0) + θ0, (2)

where N takes either 1 for the ”^” or ”_” shape or 2 for the
”∞” shape, and θm, Φ0 and φ0 are the sweeping amplitude,
vertical phase shift and vertical offset, respectively.

Pitching angle (η) provides the information of the geo-
metric angle of attack (AOA) (αgeo), e.g., αgeo = 90◦ − |η|
if there exists no heaving motion. Together with the induced
velocity and translational forward velocity, the effective AOA
(αeff) can be obtained. The pitching angle demonstrated in
insect’s flight mainly originates from the wing deformation,
which is a combination of wing bending, camber and tor-
sion. This deformation is determined by distributed wing
stiffness and wing inertia as well as aerodynamic loads. In
this paper, the distributed wing stiffness is replaced by the
rotational stiffness of the torsional spring based on the rigid
wing model. Since the wing inertia can be calculated easily in
the co-rotating CS, the calculation of transient aerodynamic
loads is the key to simulate the passive pitching motion.

A quasi-steady aerodynamic model is used to calculate
the transient aerodynamic loads. The loads are decomposed
into four components that originate from different sources:
wing translational velocity, rotational velocity, coupling be-
tween the wing translational and rotational velocities, and
added mass effect, as illustrated in Figure 3. Specifically, we
use an analytical model proposed by Taha et al. [22] to cal-
culate the loads due to the wing translational velocity. The
analytical model enables the calculation of the lift coefficient
for a translational 3-D wing with arbitrary aspect ratio, which
facilitates the aerodynamic analysis of different wing shapes.
By contrast, previous quasi-steady models [23, 24] estimated
the wing translational loads with empirical data from exper-
imental measurements on specific insect-wing-like mechan-
ical wings, which restricts its application to different wing
shapes. Although the wing rotational velocity does not con-
tribute to the average forces over a cycle with two symmet-
ric half-strokes, it is an important part of the transient damp-
ing torque around the pitching axis and, thus, included in our
model. If the pitching axis is located at the chord center, no
net transient force results from the wing rotational velocity.
However, there still exists an additional force, which is a re-
sult of the coupling effect between the wing translational and
rotational velocities [23, 25]. An analytical formula proposed
by Fung [26] for an oscillating plate with small AOA shows a
good prediction of the force due to the coupling and, thus, is
used in our model. The center of pressure due to the coupling
is at the 3/4 chord length from LE. The quasi-steady model
including the damping torque from this term shows a better
agreement with measured the passive pitching motion in ex-
periments than the model without this term [27]. The added
mass effect is due to the wing acceleration or deceleration,
which leads the surrounding air to be accelerated or deceler-

ated as well. The disturbed air will, in turn, exert forces on
the wing.

Because of the variation in the velocity and acceleration
along the wing span, the blade-element method [28], which
discretizes the wing into infinitesimal chordwise strips, is
used together with the quasi-steady model. The loads in the
co-rotating CS can be calculated by integrating the loads on
each of the strips over the entire wing. The average loads can
be obtained by averaging the transient forces over a stroke
cycle.

According to Euler’s second law of motion for a rigid
body, the external torque about the axis xc is equal to the
time derivative of angular momentum about the same axis,

τ aero
xc

+ τ spring
xc

=
dLxc

dt
, (3)

where Lxc
is the xc component of angular momentum L of

the wing expressed in the co-rotating CS, which is equal to
Iωc, where ωc represents the angular velocity of the wing
in the co-rotating CS. Then, the equation of motion for the
passive wing pitching can be derived as:

Ixcxc
η̈ =− kηη + τ aero

xc
+ Ixcxc

[
1
2 φ̇

2 cos2 θ sin(2η)

− 1
2 θ̇

2 sin(2η) + 2φ̇θ̇ cos θ cos2 η + φ̈ sin θ
]

+ Ixczc

[
θ̈ sin η + 1

2 φ̇
2 sin(2θ) sin η

− φ̈ cos θ cos η + 2φ̇θ̇ sin θ cos η
]
, (4)

where τ aero
xc

is an implicit function of η, η̇ and η̈. Then, the
pitching angle can be obtained by numerically solving this
second order ordinary differential equation. Using the quasi-
steady aerodynamic model and the resulting kinematics, an
analysis of the effects of the parameters on the lift generation
and power consumption can be conducted.

3 ANALYSIS OF DESIGN PARAMETERS

3.1 Preliminary analysis
The majority of parameters discussed above have been

studied from the lift and thrust generation perspectives [5,
10, 12, 29, 30]. For instance, longer wing span, higher flap-
ping frequency and larger sweeping amplitude tend to gener-
ate more lift force. A medium value of the pitching amplitude
(40◦ − 60◦) also benefits the lift generation. Heaving motion
is likely to enhance lift generation, since the plunging after
wing reversals can increase the effective AOA. However, the
influence of these shape and kinematics parameters on the
power efficiency is not clear. Therefore, it is necessary to
explore how to select these parameters for a more efficient
flight, which is important for designing FWMAVs.

Power consumed by flapping flight mainly consists of
four parts: profile power (Ppro), parasitic power (Ppar), in-
duced power (Pind) and inertial power (Piner). The first three
can be categorized as aerodynamic power (Paero). Specifi-
cally, Ppro results from the work done to overcome the drag
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Parameters Descriptions Design domain in optimiza-
tion

Ranges of parameters in sen-
sitity analysis

r̂1 normalized radius of first
moment of area

0.45 [0.4, 0.6]

R [m] wing span 0.05 [0.045, 0.055]
AR* aspect ratio [1, 4] [1,4]
d̂root* d̂ at the wing root [0, 0.5] [0, 0.5]
d̂tip* d̂ at the wing tip [0, 0.5] [0, 0.5]
kη [Nm/rad]* rotational stiffness 10−4 × [1, 15] 10−4 × [1, 15]
f [Hz]* flapping frequency [5, 30] [5, 30]
φm[rad] sweeping amplitude {π/4, π/3, π/2} {π/4, π/3, π/2}
K control sweeping pattern 0.01 [0.01, 0.99]
φ0 [rad] horizontal offset 0 [−π/30, π/30]
θm [rad] heaving amplitude 0 [0, π/6]
Φθ [rad] heaving phase shift 0 [−π, π]
θ0 [rad] vertical offset 0 [−π/10, π/10]
N control wing tip trajectory 0 2

Table 1: List of parameters, their domains in optimization and sensitivity analysis. Parameters labeled with “*” are selected as
design variables in optimization. The design domains in optimization refer to the frequently studied insects (moths, beetles)
and FWMAVs.
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on the wing. Ppar is the power required to overcome drag
on the body, which is negligible for hovering flight but sig-
nificant for high-speed forward flight. Pind is expended to
overcome the drag on the wing due to induced downwash
velocity which was estimated by the (partial) actuator-disk
model [31]. However, this model does not consider any un-
steady aerodynamic effects, which makes it not accurate to
estimate the Pind. Nevertheless, Pind is generally less than
20% of the total power [32] and does not vary a lot with the
wing morphology and kinematics, except for the stroke am-
plitude. Thus, Pind is ignored in the analysis of the effect of
these design parameters on power efficiency. Additional to
aerodynamic power expenditure, Piner is required to acceler-
ate the wing mass and virtual mass due to accelerated sur-
rounding air in the first half of a half-stroke. In the second
half, the decelerating wing will lose its kinetic energy, which
might be used to overcome aerodynamic drag or stored in the
cuticle, flight muscles and resilin for insects [15] or elastic
structure of FWMAVs [2]. This kinetic energy might also be
dissipated by the thorax structure, which makes the power ef-
ficiency of flapping flight hard to determine. In this paper,
two patterns of power consumption are studied:

• Perfect energy storage, which means all kinetic energy
can be either used to compensate the power consumed
by the drag or recycled by the drive mechanism, termed
as Pper.

• Zero energy storage but perfect energy transfer be-
tween inertial and aerodynamic work, which implies
that if stored kinetic energy in the first half of a half-
stroke is less than Paero required for the second half of
the half-stroke, all the inertial power is fully recycled
and total power is equal to Pper, otherwise, part of the
kinetic energy will be dissipated. It is denoted as Pzero.

The power consumption of flapping flight generally
lies between Pper and Pzero. To facilitate the comparison
of energy-efficiency between different flapping-wings, the
power consumption is normalized by the transient lift (in kilo-
grams, if negative taking the absolute value) and denoted with
an asterisk, e.g., normalized aerodynamic power consump-
tion P ?aero.

In Table 1, all the design parameters are listed. To gain in-
sight into the importance of these parameters to the lift gen-
eration and power consumption, the screening of these pa-
rameters with 5-level fractional factorial experimental design
approach [33] is first carried out. It can be seen from Fig-
ure 4 that: R, AR, d̂root, d̂tip, f and kη have more influence
on both lift generation and power consumption than r̂1, φ0
and all the heaving motion parameters. φm shows relatively
more influence on lift generation than on power consumption.
Although the interaction and higher-order terms of these pa-
rameters are not included in the screening, the results provide
a rough picture of parameters that should be included in the
design variables in optimization.

Table 2: Optimization results.
φm π/4 π/4 π/3 π/3 π/2 π/2
P ∗

per 16.46 − 18.89 − 23.40 −
P ∗

zero − 21.53 − 23.93 − 27.70
AR 1.00 1.00 1.00 1.00 1.00 1.00
d̂root 0.12 0.26 0.12 0.14 0.18 0.24
d̂tip 0.42 0.22 0.48 0.22 0.39 0.08
kη
(×10−3)

1.32 1.15 1.03 1.25 0.82 1.01

f 14.74 13.89 13.19 11.88 10.41 9.80
ηm(◦) 43.63 49.67 46.69 50.25 52.36 55.62

3.2 Optimization

The optimization is set up to search for the combination
of wing shape and flapping kinematics with the least power
consumption but with the minimal lift generation (1[g]) for a
single wing. To make the optimization meaningful and man-
ageable, some parameters are prescribed similar to the size of
an adult Hawk moth, which are frequently used by FWMAVs
[2, 34]. R and r̂1 are set as 50 [mm] and 0.45, respectively;
the average wing density is set to 0.05 [Kg/m2]; three dis-
crete values π/4, π/3 and π/2 are considered for φm of a har-
monic sweeping motion with K = 0.01; φ0 and the heaving
motion are ignored in optimization. For the other five design
parameters, i.e., AR, d̂root, d̂tip, kη and f , optimization is car-
ried out to search for the most energy-efficient combination
of these parameters corresponding to both power patterns.

Given that solving the ODE (Eq. 4) may have conver-
gence problem and the power defined in the design domain
is a non-convex set, a global optimization method is used to
search for a rough solution. Next, a response surface is fitted
around the rough optimum with using a cubic spline, based
on which the gradient-based optimization is carried out for
the determination of the optimum.

For a rigid wing with uniform mass distribution, the opti-
mal combinations of wing shape and kinematics for hovering
flight without heaving motion are listed in Table 2 with re-
spect to three discrete sweeping amplitudes. From the results
it can be concluded that:

1 Relative to adult Hawk moths, wings with minimal as-
pect ratios (AR = 1) are obtained, as shown in Figure
5. A smaller AR increases the wing area and, thus,
the lift generation. However, the power consumption
also increases due to the increase of wing inertia. Both
the optimal location of the pitching axis and flapping
frequency are used to compensate the increased power
consumption due to the smallerAR. The optimal pitch-
ing axis is located close to the wing center line and
center of pressure, which is located between 1/4 and
1/2 chord length from LE. Meanwhile, smaller flap-
ping frequencies, especially for P ∗

zero, are also found
by optimization. These optimal wing shapes suggest



that having wing area in front of the pitching axis is
more energy-efficient than those with straight leading
edges as the pitching axis. The latter designs are quite
commonly used for artificial wings of FWMAVs.
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Figure 5: Optimal wing shape for both power patterns with
three different sweeping amplitudes.

2 The optimal flapping frequencies are inversely propor-
tional to the sweeping amplitudes. The power con-
sumption with respect to the optimal design increases
with the sweeping amplitude when the induced power
is ignored. This conclusion is different from that ob-
tained for the flapping motion with fully active kine-
matics [10, 12], which shows that a larger sweeping
amplitude is more energy efficient. To achieve the op-
timal pitching amplitudes (ηm), as listed in the last row
of Table 2, the spring stiffness (kη) is tuned to different
values.

3.3 Sensitivity analysis
Sensitivities of the lift and power consumption for sin-

gle parameters for both power patterns, with φm = π/3, are
plotted in Figure 6 and 7. The sensitivities plotted in subplots
from (a) to (i) are calculated based on the prescribed values
of r̂1, R, K and φ0, and the optimal values of five design
variables in the optimization without considering the heaving
motion.

For both power patterns, an increase of r̂1 or R does not
always generate higher lift and reduce energy efficiency if
the pitching axis and rotational stiffness are fixed, since there
exists an optimal moment of inertia that is related to r̂1 or
R which gives rise to the preferable passive pitching ampli-
tude. According to sensitivities in subplots from (c) to (g) for
both power patterns, the optimal design obtained with the ob-
jective of the minimal power consumption are approximately
coincident with the optimal design for the maximal lift gener-
ation. With the increase of parameter K, as shown in subplot
(h), both the lift and mass-normalized power decrease for the
power pattern P ∗

per, but for P ∗
zero the power decreases between

0.01 and 0.9 and then increases due to high wing inertia at the

fast wing reversal phase. From subplot (i) in both figures, it
can be found that the horizontal offset of the stroke plane has
no influence on the aerodynamic force generation or power
consumption. However, the location where the average lift
is located with respect to the center of mass will move and,
thus, the moment around the center of mass will change. This
is useful for flight control.

To study the effect of heaving motion parameters on the
lift and power consumption, first, the heaving amplitude θm
is varied between 0 and π/6. Then, by setting θm as π/10,
the sensitivities with respect to Φθ and θ0 are calculated and
plotted in subplots (k) and (l). It can be seen that hovering
performance can be improve by turning these three parame-
ters, although a more complicated drive system is required to
achieve the desired heaving motion.

The peaks of power consumption in subplots (f) and (g),
which are no shown, are due to the absolute value of transient
lift, which is used to normalize the power, getting close to
zero. For other cases with different sweeping amplitudes, the
results of sensitivities are not shown as no significant differ-
ence with Figures 6 and 7 is found.

4 CONCLUSIONS

Passive pitching motion is preferable for flapping wing
design since it simplifies the drive mechanism, saves energy
and reduces structural weight. The passive pitching is related
to both the wing shape and flapping kinematics, which re-
quires the combined design of these two aspects. To obtain
an insight into the effect of these parameters on lift and power
consumption, five shape parameters and seven kinematics pa-
rameters as well the stiffness of the torsional spring have been
studied. The passive pitching motion is simulated based on
a rigid wing model and a quasi-steady aerodynamic model.
Based on the importance analysis of these parameters, five
parameters, including AR, d̂root, d̂tip, kη and f , are selected as
design variables in optimization while other parameters are
prescribed.

Optimization results show that smaller aspect ratio wings
with the pitching axis located close to the center of pressure
and wing center line are more energy-effficient regardless of
the elastic energy storage. Smaller power consumption can be
achieved by the optimal wing design with smaller sweeping
amplitude. Sensitivity analysis to all the design parameters
shows the effect of these parameters on the lift and power
consumption, which can assist in the selection of wing shape
and kinematics pattern and help determine effective control
parameters using the lift sensitivities.

This work is based on the assumption of a rigid wing
model with uniformly distributed mass over the wing surface,
which facilitates the comparison of different wing designs.
Although this simplified model can not completely character-
ize the complexed morphology of insect wings, the optimal
wing shapes and kinematics show the dependence of the per-
formance on the moment of inertia of the wings and can be
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Figure 6: Effect of single parameters on the lift (solid line) and the power pattern P ∗
zero (dashed line) while φm = π/3. The

values on x axes corresponding to dotted lines are either the optima from optimization (subplots (c)-(g)) or the prescribed values
in optimization in other subplots. The dotted lines in subplots (k) and (j) overlap with left vertical axes. The sensitivities with
respect to Φθ and θ0 are calculated while set θm as π/10.
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Figure 7: Effect of single parameters on the power pattern P ∗
per while φm = π/3. Details as in Figure 6.



used in the FWMAV design. In future, it is helpful to include
forward flight and maneuvering as well to achieve more com-
prehensive understanding of these design parameters on the
flight performance. In addition, wing torsion resulting from
distributed wing stiffness is likely to further reduce the power
consumption and should be considered in future modeling as
well.
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